
Navigating AND–OR Graph Modifications to Debug Failing

Proof Search

JUSTIN LUBIN, University of California, Berkeley, USA
MARLENA PREIGH, University of California, Berkeley, USA
MAX WILLSEY, University of California, Berkeley, USA
SARAH E. CHASINS, University of California, Berkeley, USA

Proof search powers our most advanced programming tools, from type systems, to search tactics for interactive
theorem provers, to Datalog-backed program analyses. Although proof search tooling is powerful and now
pervasive, debugging it is hard, even for experts. When proof search cannot prove the goal, the programmer’s
best source of information is a massive AND–OR graph representing the tool’s internal state during the
proof search process. The difficulty of understanding and debugging this vast trace of internal state locks
programmers out of exactly the high-assurance automated reasoning tools we want them to adopt.

We propose a new formulation of proof search debugging, which: (i) views AND–OR graphs as a partial
representations of the underlying proof system, (ii) treats debugging as a process of applying modifications
to this proof system, and (iii) uses a debugging tool to solicit these modifications until the resulting proof
system proves the original goal. This approach unifies decades of ad-hoc strategies in a single general-purpose
framework and is applicable to the diverse range of programming tools that use proof search. Our framework
can express existing “why-not” debugging strategies as well as new strategies, and we evaluate such strategies
on 284 AND–OR graphs. We find that a strategy that enforces a property called Strong Soundness reduces
the number of decisions by 1.4×–3.2× compared to an unsound baseline, and a new property we call Strong
Completeness Modulo Observability enables pruning to further reduce decisions by 1.0×–2.8× for an
overall reduction of 2.0×–3.8×.
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1 Introduction

When proof search fails, it is rarely clear what to do next. A tool can share that the goal was not
derivable with the current proof system, but not why. This leads to widespread challenges around
“why-not” debugging [11], which programmers face across many settings including debugging
Datalog programs, Rust trait errors, and proof search tactics in their favorite interactive theorem
provers. In a proof assistant, for example, programmers face “why-not” debugging when an automa-
tion tactic gets stuck on a known-true subgoal; in Datalog, they engage in “why-not” debugging
when Datalog fails to answer a query that the programmer knows should be entailed by the rules.
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To date, our best strategies revolve around revealing traces of the proof search process, typically
represented as AND–OR graphs. Before a failure, the proof search tool will have explored a vast
space of possibilities specified by the underlying proof system of routes to a proof; an AND–OR
representation of the proof search process represents all of these explored routes. When a goal
node should be true but is not, somewhere in the AND–OR graph there must be a lemma that is
too weak, a missing trait implementation, a guard that is too restrictive, an unexpected interaction
between constraints that seemed reasonable in isolation, or some other relationship between
nodes that diverges from the programmer’s expectation about how the proof system would behave.
Unfortunately for the debugging process, the AND–OR graph includes not only the paths with those
unanticipated behaviors, but also every single route the proof search considered. This representation
exposes every intermediate proof step that the engine tried and discarded, without any information
about which neighborhood of the search space is relevant to the programmer’s intended behavior.
A range of debugging approaches have offered support for exposing this AND–OR graph [17–

19, 22, 41], and sometimes for navigating from a node to its children or parent [22]. Programmers are
left to reverse-engineer the proof system from this internal trace, manually traversing the graph to
seek out, for example, nodes that should have been true but weren’t and rules that should have fired
but didn’t. For many decades, “why-not” debugging has remained an open problem—even as proof
search has become a core component in modern programming tools—because of this combination
of massive search traces, multi-node AND–OR interactions, and relying on programmer intuition
alone for guidance on how to traverse search traces.
We build on the insight that the aim of debugging is to switch the goal node from false to true,

and that the AND–OR graph (being itself a representation of the proof system) has much of the
information necessary for reasoning about what changes will make the goal node true. Debugging
should terminate when the programmer has accumulated a list of proof system modifications that
(i) they are willing to implement and (ii) make the goal provable.

For example, consider one particular class of proof system modifications we may want to allow:
labeling a given node in the AND–OR graph as implementable. For proof assistants, such a label
would mean that we know we can manually prove the subgoal, or for Rust, that we are willing to
directly implement the trait. With this perspective, a debugging strategy is a strategy for soliciting
proof system modifications until the goal becomes provable—or, in this more specific framing, a
strategy for soliciting node labels until the goal becomes provable.
For a given buggy proof system, there are a vast number of possible modifications that could

make the goal node true. In this sense, the buggy proof system is an underspecification for a proof
system modification. Unfortunately, we cannot accept just any solution to this underspecification—
only solutions that are actually reasonable to implement in the program that triggered the proof
search. Thus, we must somehow solicit information to figure out what constitutes a “true” solution

to this underspecification. Accordingly, we formulate the “why-not” debugging problem as an
instantiation of Programming by Navigation (PBN) [35], an interactive synthesis technique for
iterative specification refinement. In our context, the PBN step provider offers a set of valid labels for
nodes, each of which represents a particular modification to the underlying proof system. At each
step, the PBN step decider—perhaps a programmer—selects one of those proof system modifications.
Using PBN, we define a variety of step providers for “why-not” debugging, including existing

debugging approaches as well as debugging approaches that have not appeared in the literature so
far. Specific to these new approaches is the ability to jump across different parts of the AND–OR
graph based on what parts of the proof remain unfinished, given the step decider’s proof system
modifications so far. We find that enforcing PBN’s Strong Soundness property reduces the number
of decisions required from the step decider, and that filtering for relevance via a novel property we
call Strong Completeness Modulo Observability reduces the number of decisions even more.
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Overall, we make the following contributions:
• A general framework for “why-not” debugging of proof systems.We use AND–OR
graphs to represent the proof system, and we use Programming By Navigation (PBN) to
reach a set of proof system modifications that make the goal provable. A given debugging
strategy is implemented as a PBN step provider. Our formulation unifies existing “why-not”
debugging strategies and can also be used to express new ones.
• An extension to PBN, Strong Completeness Modulo Observability. In contrast
to Strong Completeness, which enforces that all valid programs are reachable, Strong
Completeness Modulo Observability enforces that all equivalence classes of valid programs
are reachable. If an equivalence class is definable such that the step decider is equally satisfied
with all of its members, Strong CompletenessModuloObservability allows step providers
to prune irrelevant steps, reducing the number of decisions required from the step decider.
• An implementation of our framework and an empirical evaluation on 284 synthetic AND–OR
graphs, investigating, among other comparisons, the number of decisions required from the
step decider when the step provider presents random steps (no Strong Soundness), these
steps filtered such that only valid steps are shown (Strong Soundness), and these steps
further filtered such that (only) any valid equivalence class is reachable (Strong Soundness
+ Strong Completeness Modulo Observability).

2 Overview

Suppose we seek to prove a statement 𝐴 in our favorite proof assistant. We turn to one of its
automation facilities, but, unfortunately, it cannot prove our goal. It does, however, emit the
following AND–OR graph showing all the paths it tried:
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Circled nodes are OR nodes, corresponding to proof goals (i.e, propositions), and boxed nodes
are AND nodes, corresponding to inferences (those without children are vacuously true). Using this
information, we may be able to visually inspect the AND–OR graph to figure out which subgoals
we would like to manually prove in order to make the proof go through. For instance, say we know
that we can manually prove all subgoals in the set {𝐷,𝑇 ,𝑋,𝑌 }; this AND–OR graph has all the
information we need in order to know that proving {𝐷,𝑇 ,𝑋,𝑌 } will make goal node 𝐴 true.
Of course, we’re not always so lucky. Sometimes the AND–OR graph looks more like this:

-1

StaticQueryFragmentInstance<table>: Sized

-2

<table asQuerySource>::FromClause == StaticQueryFragmentInstance<table>

-3-4

-5

-6 -7-8

-9

<table as AppearsInFromClause<table>>::Count == Once

-10-11-12

-13 -14-15 -16-17

i32:Queryable<Integer, Pg>

impl<__DB, __ST>Queryable<__ST, __DB> for i32where __DB: Backend__ST: SingleValuei32: FromSql<__ST__DB> -99

SelectStatement<FromClause<table>, SelectClause<(idname)>, NoDistinctClause, WhereClause<Grouped<Eq<idid>>>>: TableSelectStatement<FromClause<table>, SelectClause<(idname)>, NoDistinctClause, WhereClause<Grouped<Eq<idid>>>>:Query

impl<F, S, D, W, O, LOf, G, H, LC>Query for SelectStatement<F, S, D, W, O, LOf, G, H, LC>where G: ValidGroupByClauseS: SelectClauseExpression<F><..S as SelectClauseExpression<F>>::Selection: ValidGrouping<<..G as ValidGroupByClause>::Expressions>W: ValidWhereClause<F>

table: AppearsInFromClause<table>

impl AppearsInFromClause<table> for table-45

Eq<id, id>: AppearsOnTable<table>

impl<T, U, QS> AppearsOnTable<QS> for Eq<T, U>where Eq<T, U>: ExpressionT: AppearsOnTable<QS>U: AppearsOnTable<QS>

(): IsContainedInGroupBy<name>

id: Sized

-24

String:Queryable<Untyped, _>

impl<__DB, __ST>Queryable<__ST, __DB> for Stringwhere __DB: Backend__ST: SingleValueString: FromSql<__ST__DB>

<<..id as Expression>::SqlType as SqlType>::IsNull == NotNull

-33

Integer: SqlTypeOrSelectable

-96

NoGroupByClause: ValidGroupByClause

impl ValidGroupByClause for NoGroupByClause-63

Untyped: Sized

-92

NoOrderClause: Sized

-58

(id, name): ValidGrouping<()>

impl<T, T1, __GroupByClause> ValidGrouping<__GroupByClause> for (T, T1)where T: ValidGrouping<__GroupByClause>(T1): ValidGrouping<__GroupByClause><..T as ValidGrouping<__GroupByClause>>::IsAggregate: MixedAggregates<<..(T1) as ValidGrouping<__GroupByClause>>::IsAggregate> -82

Integer: Sized

-76

FromClause<table>: Sized

-48

Bool: 'static

-40

Conn: Connection

Bool: SqlType

impl SqlType for Bool

-39

Integer: TupleSize

impl<T> TupleSize for Twhere T: SingleValue -97

WhereClause<Grouped<Eq<idid>>>: Sized

-57

id: SelectableExpression<table>

impl SelectableExpression<table> for id-68

<id as ValidGrouping<()>>::IsAggregate == No

-87

_: Backend

String: FromSqlRow<Untyped, _>

impl<T, ST, DB> FromSqlRow<ST, DB> for Twhere T: Queryable<STDB>ST: SqlTypeOrSelectableDB: Backend<..T asQueryable<ST, DB>>::Row: FromStaticSqlRow<STDB>impl<DB, T> FromSqlRow<Untyped, DB> for Twhere DB: BackendT:QueryableByName<DB>

<SelectClause<(idname)> as SelectClauseExpression<FromClause<table>>>::Selection == (id, name)

-80

String: FromSql<Untyped, _>

impl<ST, DB> FromSql<ST, DB> for Stringwhere DB: Backend*const str: FromSql<STDB>

<<..id as Expression>::SqlType as SqlType>::IsNull == NotNull

-34

String: Sized

-91

Text: Sized

-77

(): Sized

-83

id: Expression

impl Expression for id-27

name: AppearsOnTable<table>

impl<QS> AppearsOnTable<QS> for namewhere QS: AppearsInFromClause<table><..QS as AppearsInFromClause<table>>::Count == Once-71

Grouped<Eq<idid>>: Sized

-51

Pg: Sized

-95

FromClause<table>:QuerySource

(): IsContainedInGroupBy<id>

i32: FromSqlRow<_, _>

-102

<table as AppearsInFromClause<table>>::Count == Once

-44

Pg: Backend

impl Backend for Pg -100

_:QueryMetadata<_>

<FromClause<table> as AsQuerySource>::QuerySource == table

-52

String:QueryableByName<_>

table: AppearsInFromClause<table>

impl<T1, T2> AppearsInFromClause<T2> for T1where T1: TableNotEqual<T2> + TableT2: Table-19

SelectStatement<FromClause<table>, SelectClause<(idname)>, NoDistinctClause, WhereClause<Grouped<Eq<idid>>>>: AsQuery

impl<T> AsQuery for Twhere T:Query

table: Table

impl Table for table-23

(name): ValidGrouping<()>

impl<T, __GroupByClause> ValidGrouping<__GroupByClause> for (T)where T: ValidGrouping<__GroupByClause> -85

LimitOffsetClause<NoLimitClause, NoOffsetClause>: Sized

-59

table: Sized

-20

NoHavingClause: Sized

-61

table:QuerySource

implQuerySource for table -54

_: FromStaticSqlRow<Untyped, _>

name: ValidGrouping<()>

impl<__GB> ValidGrouping<__GB> for namewhere __GB: IsContainedInGroupBy<name><..__GB as IsContainedInGroupBy<name>>::Output == Yes impl ValidGrouping<()> for name -86

i32: StaticallySizedRow<_, _>

impl<T, ST, DB> StaticallySizedRow<ST, DB> for Twhere ST: SqlTypeOrSelectable + TupleSizeT:Queryable<STDB>DB: Backend -94

WhereClause<Grouped<Eq<idid>>>: ValidWhereClause<FromClause<table>>

impl<QS, Expr> ValidWhereClause<QS> for WhereClause<Expr>where Expr: AppearsOnTable<<..QS as AsQuerySource>::QuerySource>QS: AsQuerySource

_:QueryId

Grouped<Eq<idid>>: AppearsOnTable<table>

impl<T, QS> AppearsOnTable<QS> for Grouped<T>where Grouped<T>: ExpressionT: AppearsOnTable<QS>

id: Sized

-25

(i32, String): 'static

-105

id: AppearsOnTable<table>

impl<QS> AppearsOnTable<QS> for idwhere QS: AppearsInFromClause<table><..QS as AppearsInFromClause<table>>::Count == Once-43

-50

SelectClause<(idname)>: Sized

-55

<table as AppearsInFromClause<table>>::Count == Once

(id, name): Sized

-65

name: SelectableExpression<table>

impl SelectableExpression<table> for name-69

<NoGroupByClause as ValidGroupByClause>::Expressions == ()

-81

No: MixedAggregates<No>

impl MixedAggregates<No> for No-89

i32: FromSql<Integer, Pg>

impl FromSql<Integer, Pg> for i32-101

NotNull: MaybeNullableType<Bool>

impl<O> MaybeNullableType<O> for NotNullwhere O: SqlType + TypedExpressionType-37

id: ValidGrouping<()>

impl<__GB> ValidGrouping<__GB> for idwhere __GB: IsContainedInGroupBy<id><..__GB as IsContainedInGroupBy<id>>::Output == Yes impl ValidGrouping<()> for id -84

NoDistinctClause: Sized

-56

Grouped<Eq<idid>>: Expression

impl<T> Expression for Grouped<T>where T: Expression-47

Conn: Sized

_:QueryFragment<_>

name: Sized

-67

(id, name): SelectableExpression<table>

impl<T, T1, QS> SelectableExpression<QS> for (T, T1)where T: SelectableExpression<QS>T1: SelectableExpression<QS>(T, T1): AppearsOnTable<QS> -66

(Integer, Text): TypedExpressionType

impl<T, T1> TypedExpressionType for (T, T1)where T: TypedExpressionTypeT1: TypedExpressionType -75

SelectStatement<FromClause<table>, SelectClause<(idname)>, NoDistinctClause, WhereClause<Grouped<Eq<idid>>>>: LoadQuery<Conn, (i32String)>

impl<'query, Conn, T, U, DB, B> LoadQuery<'query, Conn, U, B> for Twhere Conn: Connection + LoadConnection<B>T: AsQuery + RunQueryDsl<Conn><..T as AsQuery>::Query: QueryFragment<DB> +QueryId + 'query<..T as AsQuery>::SqlType: CompatibleType<UDB>DB: Backend +QueryMetadata<<..T as AsQuery>::SqlType> + 'staticU: FromSqlRow<<..<..T as AsQuery>::SqlType as CompatibleType<UDB>>::SqlTypeDB> + 'static<..<..T as AsQuery>::SqlType as CompatibleType<U, DB>>::SqlType: 'static<..Conn as Connection>::Backend == DB

<id as Expression>::SqlType == Integer

-32

Bool: Sized

-38

Integer: SqlType

impl SqlType for Integer-30

Bool: TypedExpressionType

impl<ST> TypedExpressionType for STwhere ST: SingleValue-41

*const str: FromSql<Untyped, _>

NoGroupByClause: Sized

-60

Integer: SingleValue

impl SingleValue for Integer -98

i32: Sized

-93

<(name) as ValidGrouping<()>>::IsAggregate == No

-88

Integer: TypedExpressionType

-78

table: Table

impl Table for table-22

NotNull: OneIsNullable<NotNull>

impl OneIsNullable<NotNull> for NotNull -35

Conn: LoadConnection

table: TableNotEqual<table>

impl TableNotEqual<table> for table-21

<<..<..id as Expression>::SqlType as SqlType>::IsNull as OneIsNullable<<..<..id as Expression>::SqlType as SqlType>::IsNull>>::Out == NotNull

-36

DefaultLoadingMode: Sized

-106

Eq<id, id>: Expression

impl<T, U> Expression for Eq<T, U>where T: ExpressionU: Expression<..T as Expression>::SqlType: SqlType<..U as Expression>::SqlType: SqlType<..<..T as Expression>::SqlType as SqlType>::IsNull: OneIsNullable<<..<..U as Expression>::SqlType as SqlType>::IsNull><..<..<..T as Expression>::SqlType as SqlType>::IsNull as OneIsNullable<<..<..U as Expression>::SqlType as SqlType>::IsNull>>::Out: MaybeNullableType<Bool>-26

table: Sized

-18

SelectStatement<FromClause<table>, SelectClause<(idname)>, NoDistinctClause, WhereClause<Grouped<Eq<idid>>>>: Sized

-90

Eq<id, id>: Sized

-46

NoLockingClause: Sized

-62

(i32, String): Sized

-104

id: Expression

impl Expression for id -28

FromClause<table>: AsQuerySource

impl<QS> AsQuerySource for QSwhere QS:QuerySourceimpl<F> AsQuerySource for FromClause<F>where F:QuerySource -53

(i32, String): FromSqlRow<_, _>

impl<T, T1, ST1, __DB> FromSqlRow<(ST1Untyped), __DB> for (T1, T)where __DB: BackendT: FromSqlRow<Untyped__DB>T1: FromSqlRow<ST1__DB> + StaticallySizedRow<ST1__DB>

Untyped: SingleValue

SelectStatement<FromClause<table>, SelectClause<(idname)>, NoDistinctClause, WhereClause<Grouped<Eq<idid>>>>: RunQueryDsl<Conn>

impl<T, Conn> RunQueryDsl<Conn> for Twhere T: Table

impl<F, S, D, W, O, LOf, G, H, LC, Conn> RunQueryDsl<Conn> for SelectStatement<F, S, D, W, O, LOf, G, H, LC>

<name as Expression>::SqlType == Text

-74

(id, name): AppearsOnTable<table>

impl<T, T1, QS> AppearsOnTable<QS> for (T, T1)where T: AppearsOnTable<QS>T1: AppearsOnTable<QS>(T, T1): Expression -70

name: Expression

impl Expression for name -73

(id, name): Expression

impl<T, T1> Expression for (T, T1)where T: ExpressionT1: Expression(<..T as Expression>::SqlType, <..T1 as Expression>::SqlType): TypedExpressionType -72

<id as Expression>::SqlType == Integer

-29

Bool: SingleValue

impl SingleValue for Bool-42

Untyped: SqlTypeOrSelectable

impl<ST> SqlTypeOrSelectable for STwhere ST: SqlType + SingleValue

Text: TypedExpressionType

-79

SelectClause<(idname)>: SelectClauseExpression<FromClause<table>>

impl<T, QS> SelectClauseExpression<FromClause<QS>> for SelectClause<T>where QS:QuerySourceT: SelectableExpression<QS> -64

Untyped: SqlType

-49

_: 'static

-103

Integer: 'static

-31

_: CompatibleType<(i32String), _>

id: AppearsOnTable<table>

impl<QS> AppearsOnTable<QS> for idwhere QS: AppearsInFromClause<table><..QS as AppearsInFromClause<table>>::Count == Once
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And this is not a phenomenon peculiar to proof automation. Indeed, this second example is from a
realistic Rust trait error by Gray et al. [22] extracted using their Rust trait error debugger Argus;
OR nodes are trait obligations on types, and AND nodes are implementation blocks for traits.
The problem gets even worse in Datalog, where all rules are quantified over a finite domain.

This setting requires grounding all rules, resulting in AND–OR graphs that explode in size. The
following sample Datalog program checks whether paths exist between nodes in a graph:

path(x, y) :- edge(x, y).
path(x, y) :- path(x, y), edge(y, z).
edge(1, 3). edge(2, 3). edge(4, 2). edge(4, 5).

It results in the following AND–OR graph when queried for path(1, 5), where OR nodes are
grounded facts and AND nodes are grounded rules:

path(1, 1)

rule2 @ x=1, y=1

rule3 @ x=1, y=1, z=1rule3 @ x=1, y=5, z=1

rule3 @ x=1, y=3, z=1 rule3 @ x=1, y=2, z=1rule3 @ x=1, y=4, z=1

path(1, 5)

rule2 @ x=1, y=5

rule3 @ x=1, y=1, z=5 rule3 @ x=1, y=5, z=5 rule3 @ x=1, y=3, z=5

rule3 @ x=1, y=2, z=5rule3 @ x=1, y=4, z=5

path(1, 3)

rule2 @ x=1, y=3 rule3 @ x=1, y=1, z=3rule3 @ x=1, y=5, z=3 rule3 @ x=1, y=3, z=3 rule3 @ x=1, y=2, z=3rule3 @ x=1, y=4, z=3

path(1, 2)

rule2 @ x=1, y=2rule3 @ x=1, y=1, z=2 rule3 @ x=1, y=5, z=2 rule3 @ x=1, y=3, z=2rule3 @ x=1, y=2, z=2rule3 @ x=1, y=4, z=2

path(1, 4)

rule2 @ x=1, y=4rule3 @ x=1, y=1, z=4 rule3 @ x=1, y=5, z=4 rule3 @ x=1, y=3, z=4 rule3 @ x=1, y=2, z=4rule3 @ x=1, y=4, z=4

path(5, 1)

rule2 @ x=5, y=1

rule3 @ x=5, y=1, z=1

rule3 @ x=5, y=5, z=1

rule3 @ x=5, y=3, z=1 rule3 @ x=5, y=2, z=1

rule3 @ x=5, y=4, z=1

path(5, 5)

rule2 @ x=5, y=5

rule3 @ x=5, y=1, z=5 rule3 @ x=5, y=5, z=5 rule3 @ x=5, y=3, z=5

rule3 @ x=5, y=2, z=5

rule3 @ x=5, y=4, z=5

path(5, 3)

rule2 @ x=5, y=3rule3 @ x=5, y=1, z=3rule3 @ x=5, y=5, z=3 rule3 @ x=5, y=3, z=3 rule3 @ x=5, y=2, z=3 rule3 @ x=5, y=4, z=3

path(5, 2)

rule2 @ x=5, y=2rule3 @ x=5, y=1, z=2 rule3 @ x=5, y=5, z=2 rule3 @ x=5, y=3, z=2rule3 @ x=5, y=2, z=2 rule3 @ x=5, y=4, z=2

path(5, 4)

rule2 @ x=5, y=4

rule3 @ x=5, y=1, z=4 rule3 @ x=5, y=5, z=4

rule3 @ x=5, y=3, z=4

rule3 @ x=5, y=2, z=4

rule3 @ x=5, y=4, z=4

path(3, 1)

rule2 @ x=3, y=1 rule3 @ x=3, y=1, z=1rule3 @ x=3, y=5, z=1 rule3 @ x=3, y=3, z=1 rule3 @ x=3, y=2, z=1rule3 @ x=3, y=4, z=1

path(3, 5)

rule2 @ x=3, y=5

rule3 @ x=3, y=1, z=5

rule3 @ x=3, y=5, z=5

rule3 @ x=3, y=3, z=5

rule3 @ x=3, y=2, z=5 rule3 @ x=3, y=4, z=5

path(3, 3)

rule2 @ x=3, y=3rule3 @ x=3, y=1, z=3rule3 @ x=3, y=5, z=3 rule3 @ x=3, y=3, z=3 rule3 @ x=3, y=2, z=3 rule3 @ x=3, y=4, z=3

path(3, 2)

rule2 @ x=3, y=2rule3 @ x=3, y=1, z=2 rule3 @ x=3, y=5, z=2 rule3 @ x=3, y=3, z=2 rule3 @ x=3, y=2, z=2rule3 @ x=3, y=4, z=2

path(3, 4)

rule2 @ x=3, y=4rule3 @ x=3, y=1, z=4 rule3 @ x=3, y=5, z=4rule3 @ x=3, y=3, z=4 rule3 @ x=3, y=2, z=4rule3 @ x=3, y=4, z=4

path(2, 1)

rule2 @ x=2, y=1rule3 @ x=2, y=1, z=1 rule3 @ x=2, y=5, z=1rule3 @ x=2, y=3, z=1 rule3 @ x=2, y=2, z=1rule3 @ x=2, y=4, z=1

path(2, 5)

rule2 @ x=2, y=5rule3 @ x=2, y=1, z=5 rule3 @ x=2, y=5, z=5rule3 @ x=2, y=3, z=5 rule3 @ x=2, y=2, z=5 rule3 @ x=2, y=4, z=5

path(2, 3)

rule2 @ x=2, y=3

rule3 @ x=2, y=1, z=3

rule3 @ x=2, y=5, z=3

rule3 @ x=2, y=3, z=3

rule3 @ x=2, y=2, z=3 rule3 @ x=2, y=4, z=3

path(2, 2)

rule2 @ x=2, y=2rule3 @ x=2, y=1, z=2 rule3 @ x=2, y=5, z=2 rule3 @ x=2, y=3, z=2rule3 @ x=2, y=2, z=2 rule3 @ x=2, y=4, z=2

path(2, 4)

rule2 @ x=2, y=4rule3 @ x=2, y=1, z=4 rule3 @ x=2, y=5, z=4 rule3 @ x=2, y=3, z=4 rule3 @ x=2, y=2, z=4rule3 @ x=2, y=4, z=4

path(4, 1)

rule2 @ x=4, y=1

rule3 @ x=4, y=1, z=1 rule3 @ x=4, y=5, z=1

rule3 @ x=4, y=3, z=1

rule3 @ x=4, y=2, z=1

rule3 @ x=4, y=4, z=1

path(4, 5)

rule2 @ x=4, y=5

rule3 @ x=4, y=1, z=5 rule3 @ x=4, y=5, z=5 rule3 @ x=4, y=3, z=5 rule3 @ x=4, y=2, z=5

rule3 @ x=4, y=4, z=5

path(4, 3)

rule2 @ x=4, y=3rule3 @ x=4, y=1, z=3 rule3 @ x=4, y=5, z=3 rule3 @ x=4, y=3, z=3 rule3 @ x=4, y=2, z=3rule3 @ x=4, y=4, z=3

path(4, 2)

rule2 @ x=4, y=2

rule3 @ x=4, y=1, z=2

rule3 @ x=4, y=5, z=2

rule3 @ x=4, y=3, z=2

rule3 @ x=4, y=2, z=2

rule3 @ x=4, y=4, z=2

path(4, 4)

rule2 @ x=4, y=4

rule3 @ x=4, y=1, z=4 rule3 @ x=4, y=5, z=4 rule3 @ x=4, y=3, z=4 rule3 @ x=4, y=2, z=4rule3 @ x=4, y=4, z=4

edge(1, 1)

edge(1, 5) edge(1, 3)

rule4 @

edge(1, 2)

edge(1, 4)

edge(5, 1)

edge(5, 5) edge(5, 3)

edge(5, 2)

edge(5, 4)

edge(3, 1)

edge(3, 5) edge(3, 3)

edge(3, 2)

edge(3, 4)

edge(2, 1)

edge(2, 5) edge(2, 3)

rule5 @

edge(2, 2)

edge(2, 4)

edge(4, 1)

edge(4, 5)

rule7 @

edge(4, 3)

edge(4, 2)

rule6 @

edge(4, 4)

If proof automation does not succeed, a trait is not implemented, or a fact is not derivable, we
must debug these AND–OR graphs to find out what went wrong. It is no mystery why Caballero
et al. [11] write that such missing answers are “the most complicated source of errors in logic
programming.” Debugging a missing answer is very different from debugging a wrong answer;
when we find a proof of a proposition that should be false, we have a representation of exactly what
steps produced the proof. That is, in the wrong answer setting, we have a standard graph (an AND
graph) representing the proof steps that were actually used to derive the goal—and only the proof
steps that were actually used to derive the goal. This is a much smaller artifact than an AND–OR
representation of all proof steps that could have been used, given a particular proof system.

In this paper, we explore: How can we debug AND–OR graphs when the goal is unprovable?

To explain our key insights, we will explore the extremely simple AND–OR graph in Figure 1.
The goal is the node 𝐴, and there are two rules that could provide it. The first rule, 𝑓 , depends
on 𝐵 and 𝐶 and the second rule, 𝑔, depends on 𝐶 and 𝐷 . None of 𝐵, 𝐶 , or 𝐷 succeeded. Typically
these AND–OR graphs are viewed as simply computational artifacts produced as a trace of a failed
search procedure, with no formal semantics. To debug these graphs, then, we could traverse their
topology until we understand where the search procedure diverged from our expectations.
For example, a top-down strategy would start at the goal node 𝐴 and enable exploration of

the rules that could have directly provided the node at hand (but failed to do so). In Figure 1,
the exploration would start at the node 𝐴, then either the 𝑓 rule or the 𝑔 rule could be explored,
resulting in exploring either 𝐵 and 𝐶 or 𝐶 and 𝐷 . A bottom-up strategy would start at the failing
leaves and enable exploration of nodes that directly depend on the node at hand. In Figure 1, the
exploration would start from choosing among 𝐵, 𝐶 , and 𝐷 ; for 𝐵 or 𝐶 , the rule 𝑓 could then be
explored, and for 𝐶 or 𝐷 , the rule 𝑔 could be explored, in either case ending up at the node 𝐴.
From this topological perspective, an AND–OR graph is just that: a graph. However, we argue

for the perspective that hidden within each of these AND–OR graphs is a proof system that can
be poked, prodded, and queried to report whether certain propositions hold or do not hold. This
is most clear in the Datalog example above (where the AND–OR graph is literally derived from
a proof system), but the intuition extends to all the AND–OR graphs we have mentioned. For
example, an AND–OR graph from a failed proof automation search does not just capture a trace of
the tool, but rather defines an (incomplete) subset of the possibilities of the underlying logic it is
operating over. We can even modify these proof systems—e.g., by making new assumptions—and
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A

f g

B C D

(a) Goal 𝐴 is not provable.

A

f g

B

axiom:B

C

axiom:C

D

(b) One modification that makes

the goal provable.

A

f g

B C

axiom:C

D

axiom:D

(c) Another modification that

makes the goal provable.

Fig. 1. Three AND–OR graphs representing a simple proof system and plausible modifications. Each

graph represents a proof system with node 𝐴 representing the proof goal. Circled nodes are OR nodes and

boxed nodes are AND nodes. AND nodes with no outgoing edges are vacuously true and can represent axioms.

OR nodes with no outgoing edges are unprovable. Thus, our initial AND–OR graph (a) represents a failed

proof search. 𝐵,𝐶 , and 𝐷 are OR nodes without outgoing edges, so they are unprovable; thus, 𝑓 and 𝑔 are both

unprovable, and 𝐴 is unprovable as well. In (b), we see a modification to the initial proof system represented

in (a). In the modified proof system shown in (b), we have provided some additional information—namely,

that we are willing to implement changes that will make 𝐵 and 𝐶 provable. For example, if 𝐵 and 𝐶 represent

subgoals in a proof search, our modification indicates that we are willing to manually prove 𝐵 and𝐶 . Applying

the “I will prove this” label to 𝐵 and 𝐶 has produced a transformed proof system, in which axiom:𝐵 enforces

that 𝐵 is true and axiom:𝐶 enforces that 𝐶 is true. With these modifications, 𝑓 is provable, and the goal node

𝐴 is provable. The transformed proof system now successfully proves goal 𝐴. In (c), we see an alternative

modification to the initial proof system represented in (a). Say we know that we cannot prove 𝐵, but we know

we can prove 𝐶 and 𝐷 . Then marking 𝐶 and 𝐷 with the “I will prove this” label produces the transformed

proof system represented in (c), in which 𝑔 is provable, making goal node 𝐴 provable.

ask if these modifications make our goal succeed. For example, to assist in debugging the AND–OR
graph in Figure 1a, a system could provide a minimal set of assumptions that would make the goal
provable; say, {𝐵,𝐶}, as shown in Figure 1b; alternatively, {𝐶, 𝐷}, as shown in Figure 1c. (In the
databases community, this is known as instance-based why-not provenance [25].)

Key Insight 1: Navigating the Space of Proof System Transformations. Although the strategies
we’ve discussed so far may seem quite different, they are all useful primarily if they lead to an
insight about some modifications to the proof system that will make the goal provable. However,
this is an incomplete specification. Not just any modification will do. In particular, we note that:
(1) There are many trivial modifications that will make the goal succeed, such as adding a rule

that goes from any provable proposition 𝑄 in the AND–OR graph to the goal node 𝐺 . In a
proof assistant, such a rule would mean that we can derive 𝐺 assuming 𝑄 , and in Rust, this
would mean that we can make an impl block for 𝐺 for types satisfying 𝑄 . Neither of these
are true in general. We are thus interested not just in any modification to the proof system,
but only the ones that represent actions the user could actually take to fix it. Our proof system
modifications will delineate the grammar of possible modifications we allow.

(2) In all the examples above, the modification of interest is to assume a set of propositions. But
even with this restricted class of modifications, not just any set of assumptions will do. For
example, in Figure 1, perhaps 𝐵 is supposed to be false; in such a case, the suggestion to assume
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{𝐵,𝐶} from instance-based why-not provenance is unhelpful. Put another way, the failing
proof system serves as an underspecification for the debugging problem, and a debugging
system must allow navigation to a set of assumptions that satisfies that underspecification—
but also additional constraints, which are not known to the debugging system.

(3) Finally, some proof system modifications represent a change the programmer wants to
implement, while some do not. Even with a set of equally possible changes, the programmer
may have preferences about how they want to change the program that produced the AND–
OR graph. Again, the AND–OR graph is only an underspecification, and another portion of
the specification is implicit in the programmer’s preferences about their program.

To address these challenges, we present a framework in Section 3 to view debugging AND–OR
graphs as interactively synthesizing a proof system modification that makes the goal node true.
Viewed from the perspective of interactive program synthesis, this amounts to iterative specification
refinement from the initial underspecification of the failing proof system.
In Section 4, we instantiate our framework to the assumption modifications we mention in

point (2) above. Formally, we model proof system transformations as a partition of the propositions,
where each proposition gets assigned a label that specifies how it should behave in the transformed
proof system. These labels include F (should be false), ? (may be false or true), and T (should be
true), as well as A, which denotes that the proposition can be assumed—for example, because the
programmer is willing to implement it manually. We start by assuming the goal proposition is
labeled with T!, a label we use for propositions that should be true and on the final derivation of
the goal. (We also include a label A! that is analogous for assumed propositions.)
The top-down interaction above can be modeled by a system providing two steps: one step to

set 𝐵 and 𝐶 to T/A!, and one step to set 𝐶 and 𝐷 to T/A!, where T/A! is a label that can later be
refined to either T! or A!. Selecting between these two steps corresponds to traversing the topology
of the underlying AND–OR graph to one of the two subgraphs in a top-down fashion; the explored
propositions get the label T! because, for the explored path to actually result in the goal node being
true, those propositions must be true or assumed (and they will be on the selected derivation of the
goal). We flesh out this approach and how to describe the bottom-up and instance-based why-not
provenance strategies using our formalism in Section 5.

𝐵 𝐶 𝐷

F 1 (4) 0 1 (4)
? 1 (4) 0 1(4)
T 0 0 0
T! 0 0 0
A 2 (8) 3 (11) 2 (8)
A! 2 (6) 3 (11) 2 (6)

Average 1.5 3 1.5
E[Cond. entropy] 0.151 0.477 0.151

This formalism can also express entirely new naviga-
tion strategies. For example, Figure 1’s𝐶 would be a bad
proposition to display for labeling, as it must always be
assumed. In Section 5, we capture this intuition about
“informative” propositions using information theory to
define MaxInfoGain, which provides steps that mini-
mize the expected conditional entropy. Assuming equal
prior probability for all labels, the proposition with the
minimal expected conditional entropy will be the one
with the smallest average number of semantically-distinct valid partition completions. For Figure 1,
the table to the right shows the number of possible semantically-distinct label assignments to the
remaining propositions when the proposition in a given column is set to the label in a given row
(parenthesized numbers are the total number of label assignments). From the table, we see that 𝐵
and 𝐷 have minimal conditional entropy, and are thus informative propositions to label.
A step provider like MaxInfoGain can be composed with any other step provider so that, for

example, navigation can proceed in a top-down or bottom-up fashion starting at a proposition
provided by MaxInfoGain. Our formalism provides a unifying lens on existing strategies and
enables a wide range of new strategies to explore for debugging AND–OR graphs.

Proc. ACM Program. Lang., Vol. 10, No. PLDI, Article 266. Publication date: June 2026.



Navigating AND–OR Graph Modifications to Debug Failing Proof Search 266:7

Key Insight 2: Strong Soundness and Strong Completeness Modulo Observability. To this
point we have focused on expressing many strategies: Different domains and applications will
benefit from different navigation strategies. Without strong assumptions about how a user will
navigate, it is difficult to say whether one strategy is “better” than another.

And yet, perhaps surprisingly, some strategies are provably better than others. Lubin et al. [35]
define a notion of Strong Soundness in the context of interactive synthesis that requires all
provided specification refinements to lead to at least one valid solution. Applied to our setting,
Strong Soundness requires that navigation strategies should only provide labeling of partitions
that could eventually lead to a valid partition. All else being equal, a step provider that does a
post-hoc filter to eliminate any steps that would violate Strong Soundness is better than the same
strategy that does not, as it will require fewer decisions from the step provider. (Not only will there
be fewer decisions, but all decisions will lead to valid solutions. If a user were to select a step that
couldn’t lead to a valid solution, they would eventually be forced to backtrack to the incorrect step.)

In fact, we can go further than Strong Soundness. Our approach provides the ability to navigate
a space of partitions to arrive at a particular set of assumptions. Only A and A! labels actually
change the semantics of a partition, but applying the other labels can substantially prune the
search space. Naïvely requiring that all valid solutions be reachable using the provided steps (what
Lubin et al. [35] call Strong Completeness) means that many steps that redundantly lead to
the same final outcome must be included in the provided set. As an example, say a goal node
has two child AND nodes, 𝑓 and 𝑔, with no overlapping descendants, and the step decider has
indicated via the label T! that a premise of 𝑓 must be on the derivation path. Then any labels on the
descendants of 𝑔 would represent different label sets (and thus must be reachable under Strong
Completeness), but cannot change anything about the derivation for the eventual, completed set
of proof system modifications. Thus, we extend PBN with a new concept, Strong Completeness
Modulo Observability, which captures that step providers need only provide steps to cover the
set of equivalence classes over a specified observability relation.
We can then implement a post-hoc filtering step, relevancy pruning, to eliminate steps that are

valid but irrelevant—they change the final partition, but cannot change the equivalence class of
the final partition. With our specific definition of equivalence, this ensures that the interactive
refinement process can label any set of propositions as assumptions while substantially cutting
down the number of decisions to be made. In Section 8, we empirically measure the extent to which
Strong Soundness and relevancy pruning reduce the number of decisions.

System Walkthrough. To perform our evaluation in Section 8, we implemented a Programming
by Navigation synthesizer we call AO-Nav. To make the above key insights more concrete, we
briefly give a concrete walkthrough of what it looks like to use AO-Nav to do Programming by
Navigation on AND–OR graph modifications to debug a failing proof.
Suppose we wish to use the Aesop proof search tool [31] for the Lean proof assistant [36] to

prove the following proposition about a big-step semantics we have defined:1

· · · ⊢ (ifThenElse 𝐵 𝑆 𝑇, 𝜎) ⇓ 𝜎 ′ ↔ 𝐵(𝜎) ∧ (𝑆, 𝜎) ⇓ 𝜎 ′ ∨ ¬𝐵(𝜎) ∧ (𝑇, 𝜎) ⇓ 𝜎 ′

When we run Aesop, it fails and emits an AND-OR graph with 57 OR nodes (Figure 5 in Appendix A).
We can load this AND-OR graph into AO-Nav to construct a modification to it that will prove this
goal. Our modifications will correspond to manually proving subgoals (lemmas) in Lean.

Upon loading our graph into AO-Nav using a step provider we call Cut (Section 5), we are asked
select among the labels ?, T, A, T!, and A! for the following proposition:

· · · ⊢ (ifThenElse 𝐵 𝑆 𝑇, 𝜎) ⇓ 𝜎 ′ → 𝐵(𝜎) ∧ (𝑆, 𝜎) ⇓ 𝜎 ′ ∨ ¬𝐵(𝜎) ∧ (𝑇, 𝜎) ⇓ 𝜎 ′

1Appendix A contains the full Lean program, which is based on code by Inoue and Limperg in the Aesop codebase.
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If we wish to manually prove this subgoal, we can label this proposition as an assumption (A);
otherwise, we can indicate that the subgoal is true (T) or that we are unsure (?). If we wish to
assume the proposition or indicate the proposition should be true, we can further require that
proposition is used in the final proof (A! or T!). Notably, the F label is not an option because there is
no way to modify the AND–OR graph to prove the goal while this proposition remains unprovable.

Because this proposition is quite similar to our goal (it’s just one direction of the if-and-only-if),
we select the label ? to proceed to the next round. Now we are asked to label the following:

· · · , (ifThenElse 𝐵 𝑆 𝑇, 𝜎) ⇓ 𝜎 ′ ⊢ 𝐵(𝜎) → (𝑆, 𝜎) ⇓ 𝜎 ′

The selectable labels include ?, T, A, T!, and A! and F, indicating that this proposition can remain
unprovable while the goal proposition is provable (i.e., Aesop has other ways of proving the goal).
We realize that the proof is failing because we proved a similar inversion lemma for ¬𝐵(𝜎), but we
are missing the case for 𝐵(𝜎). Thus, we do want to prove this subgoal manually, so we label it as A.
With this modification, Aesop is able to prove the final goal and the interaction is complete.

3 Navigation Beyond the Graph Topology

We begin with a set of standard preliminaries.

Definition 3.1 (Preliminaries). A proof system P is a pair (A,R), where A is a finite set of
symbols called atomic propositions and R is a finite set of Horn clauses over A called rules.

Each rule is of the form
𝑃1 · · · 𝑃𝑁

𝐶
(Rule-Name), where each premise 𝑃𝑖 and the conclusion 𝐶 are

atomic propositions in A and “Rule-Name” is a unique string that identifies the name of the rule.
A derivation of 𝑄 ∈ A is a proof tree over R whose final conclusion is 𝑄 . If a derivation of 𝑄
exists, we write P ⊢ 𝑄 .

We can translate between AND–OR graphs and proof systems by identifying the OR nodes with
propositions and the AND nodes with rules. For ease of notation and to emphasize the provability
relation P ⊢ 𝑄 , we exclusively use proof systems as a formalization of AND–OR graphs.
Next, we can formalize what we mean by a proof system transformation (which we notate 𝑒 ,

for expression). These proof system transformations will model the changes a user is permitted to
make to a proof system to make the goal proposition true.

Definition 3.2 (Proof system transformations). We assume a notion of expressions 𝑒 whose
semantics ⟦𝑒⟧ are functions from proof systems to proof systems. For a proof system P and goal

proposition 𝐺 , we also assume a notion of validity on expressions (written 𝑒 valid) specifying
which expressions are permissible to navigate to. We require that 𝑒 valid implies ⟦𝑒⟧ P ⊢ 𝐺 .

The requirement that 𝑒 valid implies ⟦𝑒⟧ P ⊢ 𝐺 ensures validity captures the idea of proof system
transformations “fixing” a broken proof system. Indeed, our objective will be to arrive at such an 𝑒

for a given P and goal𝐺 with P ⊬ 𝐺 . We can observe that such a proof system P and goal𝐺 forms
an underspecification for expressions 𝑒 in the sense that 𝑒 is satisfactory if 𝑒 valid. We emphasize
that not just any solution to this underspecification will do; only ones that are implementable in
practice will be helpful. Thus, our perspective is to view this as an interactive synthesis problem in
which this underspecification is to be iteratively refined.

To model this process, we use Programming by Navigation [35]. Briefly, in addition to a notion
of expressions and validity (as above), Programming by Navigation requires a notion of steps 𝜎
and a relation 𝑒1

𝜎−→ 𝑒2 that holds if 𝜎 transforms 𝑒1 to 𝑒2. (We write 𝑒1 ≺ 𝑒2 if there exists a 𝜎
such that 𝑒1

𝜎−→ 𝑒2.) Specification refinement proceeds by iteratively updating a starting expression
𝑒0 with steps selected among a set of steps Σ provided by a step provider (a function from the
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current working expression to a set of steps). At each round of synthesis, the step set Σ provided
by the step provider must satisfy Strong Soundness (all provided steps lead to at least one valid
expression) and Strong Completeness (all valid expressions reachable from the current expression
are reachable using some provided step). The task of the synthesis designer is to design a step
provider that satisfies these property. We refer the reader to Lubin et al. [35, §3] for additional
background, although the level of detail provided here suffices for the present purposes.

4 The Space of Partitions

The question, then, is: What choice of expressions and steps should we use? One choice that we
have found to be particularly expressive for the domains we are interested in is to let expressions be
special types of partitions of the propositions of the proof system (which we call assume-partitions).
Put another way, our expressions are functions from propositions to labels, where a subset of these
labels indicate which propositions to axiomatize. We formalize this notion below.

Definition 4.1. A partition of a proof system P = (A,R) is a function from the propositions A
to a finite strict partial order of labels 𝐿 with order < and distinguished bottom element ⊥. An
assume-partition 𝑒 (which we will take as our notion of expressions) is a partition whose set
of classes contains a designated set 𝐿assume ⊆ 𝐿 of assume-labels. The semantics of an assume-

partition 𝑒 is defined by ⟦𝑒⟧ (A,R) = (A,R′), where R′ = R ∪
{
𝑄
(Axiom𝑄 ) : 𝑄 ∈ 𝑒−1 [𝐿assume ]

}
. By

[𝑄 := ℓ]𝑒 , we mean 𝜆𝑋 . ℓ if 𝑋 = 𝑄 else 𝑒 (𝑋 ). (We use the notation ⟦𝑒⟧P for the semantics of 𝑒
applied P, and the notation 𝑒 (𝑄) for the label the proposition 𝑄 is assigned to in the partition 𝑒 .)

Next, we can define steps on these expressions. We found the following simple definition to be
expressive enough for our purposes. Intuitively, these steps are either partition updates respecting
the underlying strict partial order of labels or a sequence of such updates.

Definition 4.2 (Steps). A step 𝜎 is defined by 𝜎 ::= 𝑄 := ℓ | 𝜎1 ; 𝜎2 with the following semantics:
𝑒 (𝐴) < ℓ

𝑒
𝑄 :=ℓ
−−−−→ [𝑄 := ℓ]𝑒

Step/Set 𝑒1
𝜎1−−→ 𝑒2 𝑒2

𝜎2−−→ 𝑒3

𝑒1
𝜎1 ;𝜎2−−−−−→ 𝑒3

Step/Seq

4.1 Choosing a Label Set

⊥

F ? T/A

T A

T/A!

T! A!
We have one last question to answer for our choice of expres-
sions: What label set should we choose for our partitions?
Different applications and step providers will necessitate par-
ticular choices of label sets; we found the label set defined by
the Hasse diagram to the right with assume-labels circled to
be sufficient. The meanings of these labels are as follows:
• ⊥ means the proposition is unlabeled.
• F means the proposition should be false. ? means the proposition may be false or true. T
means the proposition should be true. T! means the proposition should be true and there
exists a derivation of the goal that contains the proposition and all other T! and A! labels.
• A and A! are the assume-labels, meaning the user is willing to assume those propositions as
axioms, with the latter label additionally requiring there exists a derivation of the goal that
contains the proposition and all other T! and A! labels, mirroring T!.
• T/A and T/A! are intermediates that get refined to T or A (for T/A) or T! or A! (for T/A!).

Remark 4.3. The labels T! and A! capture the idea that the labeled proposition must be used in
the proof of the goal. Although these labels complicate our theory and algorithms, we found them
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to be powerful for both (i) expression of intent (they narrow the search space by effectively “locking
in” on a certain proposition) and (ii) defining desired behavior of step providers, as in Section 6.

We take our starting expression 𝑒0 to be the partition with all propositions assigned to⊥ (unseen),
except the goal, which is assigned to T! (should be true, should not be assumed, and must be used).

Finally, we can define a notion of validity that satisfies the requirements of Definition 3.2.

Definition 4.4 (Assume-partition Validity). We say 𝑒 valid for an assume-partition 𝑒 over the above
labels if the following conditions hold:
(1) 𝑒 (𝑄) is maximal for each 𝑄 ∈ A.
(2) ⟦𝑒⟧ P ⊢ 𝑄 for all 𝑄 ∈ 𝑒−1 [{T,T!}].
(3) ⟦𝑒⟧ P ⊬ 𝑄 for all 𝑄 ∈ 𝑒−1 [{F}].
(4) There exists a derivation of the goal 𝐺 that contains all propositions in 𝑒−1 [{T!,A!}].

4.2 Defining a Nonempty-Completion Oracle

Before defining step providers using our above choice of expressions and steps, we take one
final detour. Lubin et al. [35] identified that an oracle that can determine whether the completion
C(𝑒) = {𝑒′ | 𝑒 ⪯ 𝑒′ ∧ 𝑒′ valid} is nonempty was a crucial component of their step provider. We
find this abstraction helpful in our setting as well and use it heavily for the remainder of the paper.
We rely on compilation to SAT for our oracle. For an expression 𝑒 , we define a boolean formula
𝜑 (𝑒) such that 𝜑 (𝑒) is satisfiable iff C(𝑒) is nonempty. In addition to assigning truth values to
propositions, the formula must also select a single “active” derivation tree that is required to contain
all the T/A!, T!, and A! nodes. We first define three variables per proposition 𝑄 ∈ A:
(1) true𝑄 , which is true iff 𝑄 should be true.
(2) assume𝑄 , which is true iff the user is willing to assume (i.e., axiomatize) 𝑄 .
(3) active𝑄 , which is true iff 𝑄 is on the active derivation tree (i.e., is “active”).

And two variables per rule 𝑅 ∈ R:
(1) true𝑅 , which is true iff 𝑅 should be true (i.e., should fire).
(2) active𝑅 , which is true iff 𝑅 is on the active derivation tree (i.e., is “active”).
For each proposition 𝑄 ∈ A, we define semantic formulas that capture the semantics of the

underlying proof system (standard AND–OR graph semantics), activity formulas that constrain the
active derivation tree, and consistency formulas that constrain propositions based on their partition
labels in the expression 𝑒 . For each rule 𝑅 ∈ R, we have only semantic and activity formulas, as we
do not track partition labels for rules. Our final formula 𝜑 (𝑒) is a conjunction of all five of these
categories of formula. The details of how to construct this formula are available in Appendix B.

Interestingly, all formulas except the consistency formula are constant in a given run of synthesis,
so, as we will see in Section 8, 𝜑 (𝑒) can be solved efficiently using incremental SAT solving.

5 Navigating Partitions

The nonempty completion oracle defined abovemakes it easy to definemany different step providers
to explore the space of expressions, including both new and existing exploration strategies. Due
the use of the oracle as a final check before emitting any step, all step providers we define below
trivially satisfy Strong Soundness (all provided steps lead to at least one valid solution). As we
describe the step providers, we will mention which ones also satisfy Strong Completeness (all
valid expressions reachable from the current expression are reachable using some provided step).

We also note which of these step providers are one-shot (i.e., provide a single step to a valid
expression) and which support exploration of the space of expressions (i.e., yield alternative, inter-
mediate steps). Of the ones that yield more than one step, we will also note which step providers are
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Algorithm 1 Remaining Step Provider
1: procedure Remaining(𝑒)
2: for 𝑄 ∈ A do

3: for ℓ > 𝑒 (𝑄) do
4: 𝜎 ← 𝑄 := ℓ

5: if SAT(𝜑 (𝜎𝑒)) then yield 𝜎

Algorithm 2 Random Step Provider
1: procedure Random(𝑒)
2: 𝑄 ← random element of 𝑒−1 [{ℓ ∈ 𝐿 : ℓ non-maximal}]
3: for ℓ > 𝑒 (𝑄) do
4: 𝜎 ← 𝑄 := ℓ

5: if SAT(𝜑 (𝜎𝑒)) then yield 𝜎

what we will call topological; that is, which step providers are restricted to traversing the topology
of the underlying AND–OR graph. All existing ways of navigating AND–OR graphs are topological;
our assume-partition perspective supports both non-topological and topological step providers.

Remaining (Non-topological Exploration). We begin with the simplest step provider for our
setting, which we call Remaining and define in Algorithm 1. For each proposition, Remaining
checks each possible label assignment in the partition 𝑒 to see if the resulting partition has a
nonempty completion; if so, it yields that assignment. This step provider is a direct adaptation of
Classical–Constructive Synthesis by Lubin et al. [35, §4].
Remaining trivially satisfies Strong Completeness, as it yields every allowable assignment.

However, the number of allowable assignments can be quite large—on the order of | A | × | 𝐿 |.
Beyond toy examples, so many possibilities shown at once would likely be overwhelming.
Nonetheless, Remaining can be useful as a foundation for downstream post-processing (e.g.,

filtering, sorting, combining) the steps before display. Indeed, the step providers Random, MaxIn-
foGain, Cut, and BottomUpInversion that we describe later in this section will always provide a
subset of the steps provided by Remaining and could be implemented as filters on its output.

Random (Non-topological Exploration). The next step provider we will consider is Random,
which we define in Algorithm 2. In contrast to Remaining, Random picks a single proposition (at
random), then, like Remaining, tries each possible label assignment in the partition 𝑒 , yielding
partitions with nonempty completions. Compared to Remaining, Random has the benefit of
yielding only order | 𝐿 | steps rather than | A | × | 𝐿 | while still maintaining Strong Completeness.
As a downside, however, some of the propositions provided by Remaining could, intuitively, be
much more “informative” than the one randomly chosen by Random.

Algorithm 3 MaxInfoGain Step Provider
1: procedureMaxInfoGain(𝑒)
2: 𝑄★← argmin𝑄∈𝑒−1 [ {ℓ∈𝐿:ℓ non-maximal} ] 𝐻 (𝑒 | 𝑄)
3: for ℓ > 𝑒 (𝑄★) do
4: 𝜎 ← 𝑄 := ℓ

5: if SAT(𝜑 (𝜎𝑒)) then yield 𝜎

MaxInfoGain (Non-topological Explo-

ration). To combine some of the benefits
of Remaining and Random into a single
step provider, we define MaxInfoGain in
Algorithm 3. MaxInfoGain operates iden-
tically to Random except that the proposi-
tions are not randomly chosen, but rather
chosen to maximize the information gain

(or equivalently, minimize the conditional entropy).
We define conditional entropy 𝐻 following the standard information-theoretic definition [16,

§2.2], but with the entropy of possible completions only calculated with respect to semantically
distinct completed expressions (i.e., equivalence classes of the kernel of ⟦·⟧):
𝐻 (𝑒 | 𝑄) := Eℓ>𝑒 (𝑄 ) [𝐻 (𝑒 | 𝑄 = ℓ)] where 𝐻 (𝑒 | 𝑄 = ℓ) := E𝑒′∈C( (𝑄 :=ℓ )𝑒 )/Ker ⟦·⟧ [− log𝑝 (𝑒′)] .

The first equation states that the entropy of 𝑒 | 𝑄 (i.e., 𝑒 after assigning𝑄) is the expected entropy of
the possible assignments to𝑄 . The entropy of 𝑒 | 𝑄 = ℓ (i.e., 𝑒 after assigning𝑄 to ℓ) is defined as the
expected surprise (− log(probability)) of the semantically-distinct completions 𝑒′ of the assignment.
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Algorithm 4 TopDownInversion Step Provider

1: procedure TopDownInversion(𝑒)
2: yield all from Commit(𝑒)
3: for 𝑄 ∈ 𝑒−1 [{T/A!,T!}] do
4: for 𝑅 ∈ R with conclusion 𝑄 do

5: 𝑃 ← premises of 𝑅 with label ⊥
6: if 𝑃 empty then continue

7: 𝜎 ← 𝑃1 := T/A! ; · · · ; 𝑃 | 𝑃 | := T/A!
8: if 𝑒 (𝑄) = T/A! then 𝜎 ← 𝜎 ; 𝑄 := T!
9: if SAT(𝜑 (𝜎𝑒)) then yield 𝜎

Algorithm 5 BottomUpInversion Step Provider

1: procedure BottomUpInversion(𝑒)
2: yield all from Leaf(𝑒)
3: for 𝑄 ∈ 𝑒−1 [{F}] do
4: for 𝑅 ∈ R with premise 𝑄 do

5: 𝑄 ′ ← conclusion of 𝑅
6: for ℓ > 𝑒 (𝑄 ′) do
7: 𝜎 ← 𝑄 ′ := ℓ

8: if SAT(𝜑 (𝜎𝑒)) then yield 𝜎

This general formulation allows for arbitrary prior probability to be placed on various propo-
sitions (first equation) and labels (second equation). However, assuming a uniform prior on 𝑒′

means that 𝑝 (𝑒′) = 1
| C ( (𝑄 :=ℓ )𝑒 )/Ker ⟦·⟧ | , and the second equation above simplifies to: 𝐻 (𝑒 | 𝑄 = ℓ) =

log | C((𝑄 := ℓ)𝑒)/Ker ⟦·⟧ |. We can then observe that the argmin in Algorithm 3 simplifies to
argmin𝑄 𝐻 (𝑒 | 𝑄) = argmin𝑄 Eℓ>𝑒 (𝑄 ) [log | C((𝑄 := ℓ)𝑒)/Ker ⟦·⟧ |]

= argmin𝑄 Eℓ>𝑒 (𝑄 ) [logProjectedModelCount
assume

(𝜑 ((𝑄 := ℓ)𝑒))],

where ProjectedModelCount
assume

(𝜙) is the projected model count [2] of the formula 𝜙 on the
assume variables. (This projected model count is the number of assignments to the assume variables
that have extensions to full assignments that satisfy 𝜙 .) Fortuitously, there are many off-the-shelf
projected model counters (also called #∃SAT solvers) that can be slotted into Algorithm 3 with no
modification. Additionally, if desired, we can also approximate this argmin by using approximate

projected model counters or place weight on certain models to adjust the prior probabilities using
projected weighted model counters, both of which are available in off-the-shelf solvers.

MaxInfoGain demonstrates the use of conditional entropy as a ranking function to choose next
propositions to show instead of randomly selecting them like in Random, but any ranking function
will suffice. MaxInfoGain (or any ranking-based solution) satisfies Strong Completeness.

Cut (Non-topological exploration). For example, we can define a different ranking function 𝑟cut
for a step provider we call Cut that works identically to MaxInfoGain but lexicographically
minimizes this new ranking function instead of conditional entropy. For a proposition 𝑄 , we define
𝑟cut (𝑄) = (𝑟1, 𝑟2), where 𝑟1 is 0 if ⟦(𝑄 := A)𝑒⟧ P proves the goal and +1 otherwise, and 𝑟2 is the
proportion of labels assignable to𝑄 with nonempty completions that are not assume-labels (lower is
better for both components). The first component determines if𝑄 is a “cut” point (i.e, assuming the
node will make the goal provable), and the second component incentivizes displaying propositions
that are more likely to result in completing navigation (assuming equal prior probability of labels).

TopDownInversion (Topological exploration). The rest of our providers demonstrate how to
support existing debugging strategies. We start by defining TopDownInversion in Algorithm 4,
which depends on an auxiliary step provider Commit defined in Algorithm 8 in Appendix C and
enables top-down exploration of the underlying graph topology.
Momentarily skipping over line 2 of Algorithm 4, TopDownInversion works by looping over

all propositions marked with T/A! or T!, which we think of as the the exploration frontier. These
propositions will be the ones that are at the brim of where the user has explored in the AND–
OR graph. For any of the propositions in the exploration frontier, the user can select a rule that
provides the proposition to invert and further explore the premises of the rule. These premises are
marked with T/A! as they will need to be either true or assumed on the selected path; the selected
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Algorithm 6MinimalLeafHeuristic Step Provider
1: procedureMinimalLeafHeuristic(𝑒)
2: L ← {𝑄 ∈ A : 𝑄 not a conclusion of any rule in R ∧ 𝑒 (𝑄) = ⊥}
3: 𝑒′ ← 𝑒 with every proposition not in L set pessimistically
4: if ¬SAT(𝜑 (𝑒′)) then return ∅
5: 𝑀 ← model of 𝜑 (𝑒′) with minimal number of assume𝑄 set to true for 𝑄 ∈ L
6: L′ ← ⟨𝑄 ∈ L : 𝑀 |= assume𝑄 ⟩ (in arbitrary order)
7: if L′ empty then return ∅
8: return L′1 := A ; · · · ; L′| L′ | := A

proposition is also assigned to T! (since it can no longer be assumed).2 The call to the SAT solver
on line 9 can be omitted if the only step provider being used is TopDownInversion. However, it is
necessary for the step provider to maintain Strong Soundness when composed with other step
providers; other step providers could, for example, designate certain propositions as being false
(F), which should preclude top-down navigation to them. Returning to line 2, the Commit step
provider simply allows the committing of T/A!-labeled propositions (which are created on line 7 of
TopDownInversion, for example) to either T! or A! (and likewise for T/A propositions).

By design, TopDownInversion does not satisfy Strong Completeness (for example, propo-
sitions cannot be set to F); it replicates the existing strategy for exploring the topology of the
underlying AND–OR graph in a top-down fashion. It does satisfy the weaker property that, for any
valid expression 𝑒 , it can navigate to an expression with the same set of A! nodes.

BottomUpInversion (Topological exploration). We define BottomUpInversion similarly to
TopDownInversion in Algorithm 5. BottomUpInversion starts by showing all possible label
assignments for any leaf propositions using the auxiliary Leaf provider we define in Algorithm 9 in
Appendix C. Then, for each proposition that should be false, BottomUpInversion considers each
rule that has that proposition as a premise, and offers all label assignments of the conclusion of
that rule. This captures the idea that traversing an AND–OR graph bottom-up starting at the leaves
is essentially communicating that the proposition at hand should be false, but that the “parent”
proposition is of interest to explore. BottomUpInversion does not satisfy Strong Completeness.

MinimalLeafHeuristic (One-shot). The final step provider we present is MinimalLeafHeuris-
tic, which we define in Algorithm 6. This step provider emulates instance-based why-not prove-
nance [25], as we discuss in Section 10.4.1. It proceeds by first collecting all the unseen leaf
propositions, then sets the labels for all other propositions “pessimistically” to a maximal label in a
new expression 𝑒′. (We provide details on pessimistic label setting in Appendix C.1, but, briefly,
⊥-labeled propositions get set to ?, T/A-labeled propositions to T, and T/A!-labeled propositions
to T!). If the completion of 𝑒′ is empty, then MinimalLeafHeuristic simply returns ∅. Otherwise,
MinimalLeafHeuristic computes a model of 𝜑 (𝑒′) with a minimal number of assume nodes
set to true, which corresponds to a minimally-sized set of leaf assumptions that make the goal
proposition true. If this set of leaves is non-empty (i.e., some leaf propositions are actually required
to be assumed), MinimalLeafHeuristic returns a step that assigns all these propositions to A.
Line 5 (computing the minimal model) can be done using an off-the-shelf MaxSAT solver with

the optimization objective to minimize
∑

𝑄 assume𝑄 . This can also simply be done (as we do in our

2In theory, choosing one of these steps forecloses the other options, preventing backtracking. In practice, we also provide a
meta “undo” option (for TopDownInversion and all other step providers) that simply reverts to a previous expression if it
is desirable to explore a different part of the expression space.
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implementation) via iterative deepening using a cardinality constraint of the form
∑

𝑄 assume𝑄 ≤ 𝑘

for 𝑘 = 0, . . . , 𝑘max, where 𝑘max is the number of assume variables set to true on line 4.
By design, MinimalLeafHeuristic does not satisfy Strong Completeness; it replicates an

existing heuristic strategy for arriving at some minimal set of leaf assumptions.

Remark 5.1 (Composing step providers). All step providers we define above can be composed
with one another by running both step providers and displaying both outputs (i.e., taking the
union of their results). For example, MaxInfoGain can be composed with BottomUpInversion so
that if a user selects F for a proposition provided by MaxInfoGain in some arbitrary location in
the underlying AND–OR graph topology, then BottomUpInversion will allow them to go “up”
the topology starting at that proposition. Any of the step providers that do not satisfy Strong
Completeness can be composed in this manner with any of the step providers that do satisfy
Strong Completeness as an “escape hatch” to ensure all valid expressions are reachable.

6 Strong Completeness Modulo Observability

It may seem like the fitness of a strategy depends entirely on the domain and application it is
employed for. Interestingly, though, some step providers may be strictly better than others. To see
why, we consider the question: Do we really need to be able to navigate to any expression? For
example, when navigating assume-partitions, we may only care that we are able to label arbitrary
propositions with the 𝐿assume labels; the other labels have no effect on the semantics, after all.
This line of reasoning motivates a property we call Strong Completeness Modulo Observ-

ability. For a given expression 𝑒 , Strong Completeness requires a provided step set Σ to satisfy⋃
𝜎∈Σ C(𝜎𝑒) ⊇ C(𝑒) \ {𝑒}, or that all valid expressions reachable from 𝑒 (except possibly 𝑒 itself)

are reachable via some step in in the set Σ. The key idea for Strong Completeness Modulo
Observability is to quotient the space of possible expressions by an observability equivalence
relation ≈ on expressions. Letting [𝑒]≈ = {𝑒′ : 𝑒′ ≈ 𝑒} denote the equivalence class of an expres-
sion 𝑒 and [𝐸]≈ = {[𝑒]≈ : 𝑒 ∈ 𝐸} denote the sets of equivalence classes of a set of expressions 𝐸,
Strong Completeness Modulo Observability instead requires that⋃

𝜎∈Σ
[C(𝜎𝑒)]≈ ⊇ [C(𝑒) \ {𝑒}]≈ (Strong Completeness Modulo Observability).

Crucially, relaxing our notion of completeness from Strong Completeness to Strong Com-
pleteness Modulo Observability puts less of a burden on step providers in the sense that they
need not provide as many steps. If the observability relation is chosen in such a way that equivalent
expressions are truly equivalent for the purposes of debugging, then satisfying Strong Complete-
ness Modulo Observability but not Strong Completeness will cut down the number of steps
that need to be considered to arrive at a valid expression.

Choosing an Observability Relation. In general, we would like to choose an observability relation
that is as coarse as is acceptable for the application at hand. Coarser observability relations will
enable step providers to provide fewer steps, thus leading to fewer decisions. For example, if we have
a semantics ⟦𝑒⟧ for expressions 𝑒 , we may only be interested in being able to navigate to a single
representative expression among the equivalence class of all expressions with the same semantics.
In other words, we would want ⟦𝑒1⟧ = ⟦𝑒2⟧ to imply 𝑒1 ≈ 𝑒2, as in traditional observational
equivalence. But we can also consider coarser notions of equality.

For our assume-partition setting, traditional observational equivalence would require that the set
of propositions labeled with 𝐿assume are exactly the same in both partitions, even if those propositions
are never used in any proof of the goal. We can instead consider the following notion of observability
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that is coarser than traditional observational equivalence:

𝑒1 ≈ 𝑒2 iff Assumes(𝑒1 ; P ⊢ 𝐺) = Assumes(𝑒2 ; P ⊢ 𝐺) ,
where

Assumes(𝑒 ; P ⊢ 𝐺) =
{
{𝑄 ∈ 𝑒−1 [𝐿assume] : 𝑄 appears in 𝑃} : 𝑃 a proof of 𝐺 in ⟦𝑒⟧ P respecting 𝑒

}
is the set of sets of assume-labeled propositions in some proof of 𝐺 in ⟦𝑒⟧ P that respects the
labels of 𝑒 in the sense of Definition 4.4. (In database provenance terminology, Assumes(𝑒 ; P ⊢ 𝐺)
corresponds to a particular type of why-provenance of 𝐺 in ⟦𝑒⟧ P over assumed nodes.)
Using this notion of observability, the equivalence class [𝑒]≈ of an expression 𝑒 is the set of

expressions that have the same sets of “active” assume propositions (assume propositions that
could actually be used in a proof of the goal that respects the constraints from 𝑒).

Remark 6.1. As a rule of thumb, traditional observational equivalence is a good starting point
for an observability relation (and may be sufficient). To coarsen the relation, one can gradually
note which steps are irrelevant to the problem at hand, identify what makes them irrelevant, and
build up the observability relation to rule out these cases. If there is a worry that an observability
relation may be too coarse, the “irrelevant” steps can be shown in a special section of the output
(e.g., at the bottom and dimmed), so that the user need only consider them in rare circumstances.

Leveraging Strong Completeness Modulo Observability. Now, given any step provider that
satisfies Strong Completeness, we can perform relevancy pruning on its output step set Σ to get a
new step set that satisfies (only) Strong Completeness Modulo Observability by checking each
step to see if it could result in a different equivalence class. This filtering operation will result in a
step set that is either the same as Σ or strictly smaller.

Algorithm 7 Relevancy pruning
1: procedure RelevancyPrune(A, Σ)
2: Σ′ ← ∅
3: for 𝜎 ∈ Σ do

4: if 𝜎 = 𝑄 := ℓ for some label ℓ ∈ 𝐿 \ {A!}
5: and ¬SAT(𝜑 ((𝑄 := A!)𝑒)) then continue

6: Σ′ ← Σ′ ∪ {𝜎}
7: return Σ′

Depending on the observability relation,
in may be challenging to perform this rele-
vancy pruning. It turns out that, in our con-
text of assume-partitions, we can leverage all
the machinery we have already introduced to
perform this pruning in Algorithm 7. The key
insight is to realize that, given a proof system
P and expression 𝑒 , if a proposition𝑄 cannot
be set to A! (assumed and force-used), then
there cannot be any proof of the goal using the assumption𝑄 that respects the partition 𝑒 . Thus, setting
𝑄 in 𝑒 cannot change Assumes(𝑒 ; P ⊢ 𝐺), so it is not necessary for the step set Σ to contain any
assignment of 𝑄 . Therefore, all we need to do in order to perform relevancy pruning is to filter out
steps whose proposition cannot be assigned to A!, which is checkable using our SAT oracle.

7 Implementation

We implemented Programming by Navigation for AND–OR graph modifications in a system we call
AO-Nav in approximately 3,000 lines of Rust code. AO-Nav is generic over the class of modifications,
and we instantiate it to the space of partitions we describe in Section 4. We also implement all
step providers defined in Section 5. For our SAT oracle, we use the RustSAT API [26] to access the
CaDiCaL SAT solver [5]. To do projected model counting for MaxInfoGain, we use Ganak2 [44].

In our repository, we define a standard format for AND–OR graphs we call the AND–OR JSON

Graph Format that is a refinement of the JSON Graph Format (JGF) v2 [4]. We use Argus [22] to
extract AND–OR graphs for Rust trait errors to this format and a small custom parser to extract
AND–OR graphs from the exploration traces of the Aesop proof search tool [31] for the Lean proof
assistant [36]. We also implemented a small tool to obtain AND–OR graphs from Datalog programs
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using a subset of egglog syntax [51]; as AND–OR graphs are quantifier-free, we simply ground all
Datalog rules using the literals found in the program. We hope a standardized format will encourage
the programming languages community to build new AND–OR tools beyond AO-Nav and new
AND–OR extractors beyond the ones we mention in this section.

8 Evaluation

We use AO-Nav to explore the following empirical research questions. RQ1: How much does
Strong Soundness reduce the number of decisions? RQ2: How much does relevancy pruning
reduce the number of decisions? RQ3:What is the performance cost of Strong Soundness and
relevancy pruning? RQ4: Overall, how do our step providers perform on our benchmarks? RQ5:
How do our step providers empirically scale? RQ6: How much does incremental SAT solving help?

Benchmark Creation. We are not aware of an existing suite of AND–OR graphs whose goal
nodes should be true but are not. Therefore, we created a publicly-available benchmark suite of 284
AND–OR graphs with underivable goals (see Data Availability Statement).

These graphs fall into four categories: Manual, Random, Argus, and Aesop. We constructed 15
Manual graphs by hand, akin to the first AND–OR graph in Section 2. We automatically generated
180 Random graphs ranging in size from 10 to 200 OR nodes, where the number of children for each
node was random and the maximum number of children allowed per node ranged from 2–10. We
generated 51 Argus examples by extracting Rust trait errors from Gray et al. [22]’s Rust programs
using their Argus tool. These Rust programs include tasks Gray et al. [22] used for their user study
that involve real Rust libraries such as the web framework Axum and the SQL query builder Diesel.
We generated 38 Aesop examples by extracting proof search traces from all Lean programs in
the Aesop test suite that Aesop failed to prove after searching at least one rule. Because many
sub-nodes of the Argus and Aesop graphs were already provable, we pruned them using unit
propagation first. Table 1 in Appendix D provides summary statistics for our benchmarks.
For each AND–OR graph, we also created a set of 3 purely synthetic partitions of the nodes

that represent possible solutions (i.e., valid expressions) that make the goal proposition true by
randomly selecting steps using the Remaining step provider (which can navigate to any partition
due to Strong Completeness). We then removed assume-labeled propositions from the 3 solutions
until no assumptions were redundant so that none of the step providers would need to steer to
partitions with redundant assumptions (which may not be possible with relevancy pruning).

Measures. We used the ground-truth partitions (see above) as step deciders for the PBN process,
automatically selecting (at each round) the first provided step consistent with the ground-truth
partition until the partition proved the goal.We repeated this process for each ground-truth partition
3 times (all results are averaged over 3 replicates and 3 solutions). For each AND–OR graph, we
recorded the decision count (the sum of the indexes of the selected step in whatever order the
step provider yields the steps), the round count (number of rounds), the duration (total time
taken), and the median latency (median time taken to return each round’s results).

Step Providers. To answer RQ1–3, we use a variant of the Random step provider that selects
propositions in alphabetical order (which we call Alphabetic) to ensure consistency across con-
ditions and runs. (To avoid any spurious interactions with node names, we randomize all node
names from all AND–OR graphs in our benchmark.) We consider three variants of Alphabetic:
one in which the oracle check is turned off (no Strong Soundness, abbreviated U), one in which
the oracle check is turned on (Strong Soundness as usual, abbreviated S), and one in which we
also perform relevancy pruning afterward (abbreviated S+R). For RQ4–5, we additionally include
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Fig. 2. Results for each step provider. Decision count is the sum of the index of each step at each round.

Round count is the total number of rounds. Duration is the total duration. Labeled bars appear at the

median when it can be computed. (Median latency results are in Figure 6 in Appendix D.)

MaxInfoGain (abbreviated MIG) and Cut (Cut), both with relevancy pruning (+R suffix) and
without. For RQ6, we also ran all step providers without incremental SAT solving.

Additional Information. We ran the evaluation on a system running macOS Tahoe 26.31.1 (a)
with an Apple M4 Pro CPU and 48 GB of RAM. All tasks ran on one core with a 30-second cutoff.

8.1 Results

Figure 2 summarizes each step provider’s performance across the four suites and three of the four
metrics (median latency results are available in Figure 6 in Appendix D for brevity). Figure 3 also
includes comparisons between each step provider and the unsound step provider (U), as well as a
comparison between Alphabetic with (S+R) and without (S) relevancy pruning.
In the following sections, we report data as median (IQR).

8.1.1 RQ1: How much does Strong Soundness reduce the number of decisions? Figure 3 shows
that the introduction of Strong Soundness resulted in 0.71× (0.64×–0.75×) decisions for Man-
ual, 0.72× (0.66×–0.76×) decisions for Random, 0.61× (0.33×–0.76×) decisions for Argus, and
0.31× (0.29×–0.73×) decisions for Aesop compared to the unsound condition.

8.1.2 RQ2: How much does relevancy pruning reduce the number of decisions? Figure 3 shows
that, compared to Strong Soundness alone, the further introduction of relevancy pruning re-
sulted in 0.61× (0.54×–0.73×) decisions for Manual, 0.36× (0.28×–0.47×) decisions for Random,
0.96× (0.82×–1.00×) decisions for Argus, and 1.00× (1.00×–1.00×) decisions for Aesop. Compared
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Fig. 3. Comparative results for each step provider. Each row in each plot compares against the unsound

condition, except the last row, which ablates relevancy pruning. Decision count is the sum of the index of

each step at each round. Round count is the total number of rounds. Duration is the total duration. Labeled

bars appear at the median when it can be computed. (Median latency results are in Figure 6 in Appendix D.)

to the unsound condition, relevancy pruning resulted in 0.46× (0.34×–0.52×) decisions for Man-
ual, 0.26× (0.21×–0.31×) decisions for Random, 0.50× (0.33×–0.66×) decisions for Argus, and
0.31× (0.29×–0.59×) decisions for Aesop. Figure 7 in Appendix D shows that larger AND–OR
graphs benefit more from relevancy pruning (Spearman’s 𝜌 = −0.90 between S+R / S and OR node
count), suggesting that the varying effectiveness of relevancy pruning on the suites may be due to
their varying composition of AND–OR graph sizes (but this correlation does not imply causation).

8.1.3 RQ3: What is the performance cost of Strong Soundness and relevancy pruning? Figure 3
shows that the requirement of Strong Soundness resulted in slowdowns, causing AO-Nav to have
1.37× (1.00×–1.89×) duration for Manual, 3.16× (2.44×–3.63×) duration for Random, 1.00× (1.00×–
1.22×) duration for Argus, and 1.00× (1.00×–1.10×) duration for Aesop. Compared to Strong
Soundness alone, adding relevancy pruning resulted in the same median latency (Figure 6 in
Appendix D), but a less-severe slowdown—1.00× (1.00×–1.11×) duration for Manual, 2.56× (1.78×–
3.45×) duration for Random, 1.00× (1.00×–1.27×) duration for Argus, and 1.00× (1.00×–1.11×)
duration for Aesop compared to the unsound condition—due to less overall work.

8.1.4 RQ4: Overall, how do our step providers perform on our benchmarks? Figure 3 shows that,
for decision and round count metrics, Strong Soundness with relevancy pruning matches the
effectiveness of more sophisticated strategies (Cut and MaxInfoGain) while taking less time.
Figure 6 in Appendix D shows that, aside from MaxInfoGain, all step providers had a median
latency of <20ms (for all suites except Random, MaxInfoGain had a median latency of <1 s).
Table 2 in Appendix D shows that the maximum latency among all step providers and all suites
was <1.1 s, except for MaxInfoGain for which it was not possible to compute a maximum (it did
not finish all tasks within the timeout).
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8.1.5 RQ5: How do our step providers empirically scale?

Figure 4 shows that the Alphabetic step providers scale
the best, then the Cut providers, then the MaxInfoGain
providers. Strong Soundness and relevancy pruning
make Alphabetic slower on larger AND–OR graphs, as
they both rely on SAT solver calls while the unsound
condition does not. Cut without relevancy pruning al-
ready has to determine which nodes can be set to A!,
so the overhead of relevancy pruning is negligible. For
MaxInfoGain, model counting dominates the runtime,
so relevancy pruning provides substantial improvements.

8.1.6 RQ6: How much does incremental SAT solving help? Figure 8 in Appendix D shows that
incremental SAT solving results in large speedups for the step providers for which SAT solving
is the bottleneck. Incremental SAT solving causes Alphabetic with Strong Soundness to have
0.06× (0.05×–0.08×) duration and 0.33× (0.31×–0.43×) median latency, Alphabetic with Strong
Soundness and relevancy pruning to have 0.04× (0.03×–0.08×) duration and 0.18× (0.08×–0.33×)
median latency, Cut to have 0.06× (0.04×–0.13×) duration and 0.06× (0.04×–0.18×) median latency,
and Cut with relevancy pruning to have 0.06× (0.04×–0.13×) duration and 0.06× (0.05×–0.19×)
median latency. The unsound condition does not use SAT solving (resulting in no speedup) and
MaxInfoGain did not complete enough benchmark entries to compute a median.

8.2 Threats to Validity

Our decision counts are likely biased in favor of the unsound condition, as in our evaluation setup
we assume the step decider never chooses steps that could force an invalid partition. This may
threaten external validity, as it is likely that real users of a debugging tool will not always be able to
pick a step that is guaranteed to lead to a valid solution in the absence of Strong Soundness. We
also created our own benchmark suite, which may threaten our internal validity. We mitigated this
risk by including randomly-generated AND–OR graphs and AND–OR graphs from real Rust (Gray
et al. [22]’s repository) and Lean (Limperg and From [31]’s repository) programs. Furthermore,
although we include AND–OR graphs from real Rust and Lean programs, our solution partitions are
randomly generated, which may threaten external validity. Lastly, our evaluation does not measure
the time it takes a step decider to make a decision among the provided steps; the durations reported
are purely timings of the step provider. This may threaten construct validity, as, for a real debugging
tool, we are more interested in the overall time it takes a user to fix a bug. In particular, our metrics
(decision count, round count, duration, latency) do not capture qualitative differences in the order
in which questions are asked of the user, which could lead to differences in user performance that
may make one step provider more suitable for a domain than another.

9 Limitations

Our approach aims to answer the question “Why isn’t this proposition true?” in a proof system.
There are many related questions that we may wish to ask of particular proof systems, such as
“How do I need to change my function’s type signature to make it compile?” or “Why is the proof

system proving this proposition that should not be true?” that we do not directly support. For example,
for the former question, in the context of Rust trait errors, the goal proposition in the trait proof
system does not hold because it should not hold. There is no amount of implementing traits or
anything else that the user could do to the proof system itself that would reasonably make the
proof go through, because the goal is simply the wrong goal. Therefore, while our assume-partition

Proc. ACM Program. Lang., Vol. 10, No. PLDI, Article 266. Publication date: June 2026.



266:20 Justin Lubin, Marlena Preigh, Max Willsey, and Sarah E. Chasins

approach may indirectly help a user realize what they need to do to fix function signature, it will
not directly support navigating to a fix. An exciting future direction would be to extend our notion
of expressions to allow modifying the nodes of the proof system itself (e.g., wrapping the goal in
another type that does or should implement the desired trait).

10 Related Work

A central dichotomy in the literature on debugging logic programs is whether to work with (i) proof
trees of derived facts (AND graphs) or (ii) proof systems capturing the entire search space (AND–OR
graphs). In the early 1990s, Senay and Lazzeri [41] pointed out:
Even though a proof tree gives a brief account of the solution steps performed during the computation, it only does
so for the goals that have been solved in the process. However, it presents neither the goals that have been tried but
unsolved nor the alternative clauses that could have been used to find an alternative solution.

In this paper, we tackle the problem of answering why a proposition does not hold. Although
AND–OR graphs are harder to reason about than simple AND graphs, AND graphs struggle to
answer why a particular proposition does not hold. For instance, Pacak and Erdweg [37] argue for
why provenance-based debugging (i.e., debugging AND graphs) is not always enough to debug
Datalog, notably that when a fact does not hold “there is no derivation tree that provenance-based
debugging could provide to the user.” Further, we are interested in non-topological debugging;
that is, debugging beyond the TopDownInversion and BottomUpInversion strategies that are
directly tied to the topology of the underlying AND–OR graph.

10.1 Topological Debugging of AND–OR graphs

AND–OR graphs have been of great interest to the logic programming community due to the fact
that they naturally capture the execution model of logic programming languages such as Prolog.
As early as the 1980s, researchers have explored how best to produce and display AND–OR graphs
corresponding to logic programs, starting with the seminal work on the Dewlap system [17].
As AND–OR graphs of logic programs can be large and complex, the central thrust of research
on these program visualization devices have been on techniques that abstract the underlying
graph [18, 19], sort the entries of the graph [22], or otherwise result in visually compressed display
of the information [22, 41]. Existing work either displays the entirety of the AND–OR graph [17–
19, 41] (sometimes with sophisticated zooming strategies [19]), or allows iteratively traversing
the graph using top-down or bottom-up strategies, analogous to our TopDownInversion and
BottomUpInversion step providers [22]. In any case, these approaches are committed to displaying
or traversing the topology of the AND–OR graph. In other words, the space they enable navigating
over is the space of nodes and edges in the AND–OR graph.
In summary, existing techniques to debug AND–OR graphs use either TopDownInversion or

BottomUpInversion, or display the entire graph. We demonstrate strategies to debug AND–OR
graphs beyond these techniques and are excited for future work to explore a wide design space of
proof system transformations that enable new kinds of debugging strategies.

10.2 Non-topological Debugging of AND graphs

In parallel with the techniques described in the previous subsection, there has been an explosion
of literature on algorithmic debugging, starting with Shapiro [42]’s seminal thesis in 1983. These
techniques debug individual programs or proofs (corresponding to single AND graphs) and are thus
not immediately applicable to debugging AND–OR graphs. Nonetheless, algorithmic debugging
researchers have explored an extensive number of non-topological debugging strategies.

Algorithmic debugging systems work in two phases. First, the system captures a computational

tree (akin to an AND graph) of the execution of a program that summarizes the inputs and outputs
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of the procedures called during execution of the program (via source-to-source program transfor-
mations or an instrumented interpreter or compiler). Second, the system queries the user about the
validity of various input-output pairs for the called procedures (for example, if a call to function 𝑓

on the input 3 returned output 4, the system may ask if 𝑓 (3) = 4 is desired behavior for 𝑓 ).
This technique has been explored in a variety of programming paradigms, as surveyed by

Caballero et al. [11]. For example, several works have provided algorithmic debugging of Hindley-
Milner type conflicts [15, 45], for which a type conflict provides two full AND graphs of derived
types for each conflicting expression. (Rust trait errors do not have AND graphs, because the type
simply does not implement the trait.) The most closely related setting to ours is one considered by
Caballero et al. [8] (later formalized by Caballero et al. [9]). They present a system to algorithmically
debug Datalog programs using a data structure they introduce called the computation graph, a
graph whose nodes represent query results and whose edges represent dependence. If a fact is
missing from a the goal query (corresponding to our goal proposition being false), the user can
mark the node as “invalid” as part of algorithmic debugging; however, they cannot explore the
branches that would have produced this fact, a general limitation of approaches based on AND
graphs. Later work on debugging SQL views took a similar approach [10].

Algorithmic debugging has also been explored with many user-querying strategies, as surveyed
by Silva [43]. For example, Shapiro [42]’s thesis identified two intuitive strategies: single-stepping
(post-order traversal of the computation graph starting at the leaves), and divide-and-query, which
repeatedly divides the computation tree in two (reminiscent of binary search) to identify faulty
nodes, in a strategy akin to the later-coined delta debugging [48]. Our MaxInfoGain step provider
can be thought of as a analogue of divide-and-query generalized along two axes: (i) it works for
AND–OR graphs, and (ii), it works with more labels than “valid” and “invalid.”

These strategies enable highly non-topological debugging techniques and can provide an im-
portant source of inspiration for debugging AND–OR graphs; we hypothesize that many of the
proposed strategies can be adapted beyond the context of program executions to a setting such as
constraint systems. However, algorithmic debugging techniques thus far operate over the equiva-
lent of AND graphs in their domains; that is, no existing algorithmic debugging technique works
for general AND–OR graphs. For example, Arora et al. [1] present an interface Explain to view
provenance (AND graph) of queries, but write that “In general, a weakness of Explain is that it does
not provide direct support for understanding why some facts are ‘missing’, i.e., why some facts that
a user expects to be generated are not.” Such information is only possible when inspecting AND–OR
graphs. Additionally, these approaches are typically used to find a single faulty node rather than,
for example, a set of missing nodes, reflecting their origins as strategies for debugging programs
rather than proof systems. (Such systems can, of course, be used iteratively to find multiple faults,
but in the context of debugging a proof system, one may not want to commit to a particular missing
proposition without seeing what other sets of propositions could work.)

10.3 Debugging Constraint Systems by Debugging Their Solvers

Of the difficulty in debugging constraint systems, Hempel [24] has noted that:
The issue may be that, although concise, constraint-based representations obscure the answer to the question, “When
X occurs, what happens next and in what order?” With ordinary, straight-line code, one can answer that question by
walking the code. In contrast, a trigger-action constraint system is almost necessarily concurrent, and constraint solvers
don’t necessarily explain how they intend to satisfy the constraints.

One solution to this problem is thus to sidestep debugging the constraint system itself, and instead
debug the solver of the constraint system, which is typically a normal program. Dating back to
the highly influential Byrd box model of Prolog [7], a variety of strategies have been proposed for
tracing constraint solvers. The dominant such strategy is textual logging (as found, for example,
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in SWI Prolog [20]), but stepwise debugger-like interfaces have been proposed as well, including
for Datalog [37, 38]. These techniques provide a complementary route to debugging constraint
systems with a unique tradeoff: Debugging can now proceed using all the niceties of a traditional
sequential debugger, but the program being debugged (i.e., the solver) is quite far abstracted from
the proof system at hand, with its own idiosyncrasies and semantics.

10.4 Other Relevant Topics

10.4.1 Datalog Provenance. In the context of Datalog, AND graphs can be created from a variety
of techniques that fall under the umbrella of provenance, which is unified under the Green et al.
[23]’s seminal description of semiring provenance. Most closely related to our notion of AND–
OR partitions are the notions of how-provenance (the set of derivation trees of a proposition,
which Köhler et al. [28], for example, efficiently compute and apply to Datalog debugging), why-
provenance [6] (minimal sets of facts that establish the truth of a proposition) and knowledge base

support [3, 13] (minimal sets of rules that establish the truth of a proposition).
As a form of AND-based debugging, traditional provenance-based approaches inherit the limita-

tion that they cannot ask “why-not” questions; indeed, the popular Datalog engine Soufflé provides
a separate explainnegation from their standard explain primitive for computing provenance,
noting that, while their system does support explaining negations, “In this case, proof annotations
are not helpful, since they cannot describe non-existent tuples” [52]. This explainnegation primi-
tive is implemented based on efficient techniques by Lee et al. [29] and provides a user interface
analogous to our TopDownInversion strategy instantiated for Datalog.

A separate but related line of work to address the “why-not” question is known in the databases
literature as why-not provenance. In this body of work, there are two main categories of answer
to the “why-not” question [30]: query-based answers and instance-based answers. Query-based
why-not provenance, first proposed by Chapman and Jagadish [12], is the set of components of a
query that filter out a datapoint from the results; such answers are only applicable in the context of
a data point going through a set of operations. Instance-based why-not provenance, first proposed
by Huang et al. [25], is a set of ground facts that, if true, would make the goal proposition true;
such sets correspond to the results provided by our MinimalLeafHeuristic step provider.

10.4.2 Type Error Localization. One application of our AND–OR navigation is Rust trait error
localization, which is related to the body of work on identifying source locations to blame for
type errors in programs. As we discuss in Section 10.2, one line of this work draws explicitly on
algorithmic debugging (exploring AND trees) from constraint-based type information [15, 45].
However, many approaches diverge from algorithmic debugging, from Wand [47] and Johnson and
Walz [27]’s classic works on identifying possible and likely (respectively) error source locations, to
more modern works using Bayesian reasoning [49, 50], machine learning [40], and domain-specific
ranking strategies [22]. Following Wand [47], some approaches find non-heuristic conflicting sets
of locations [46], which can, for example, be localized by clever construction of the underlying type
system [53] or explored with a graphical user interface [21]. Other heuristic approaches include
searching for minimal program edits to get type-correct program to serve as explanation [14, 39], a
topic explored in a later chapter in Shapiro [42]’s thesis on algorithmic debugging.
Such approaches only make sense when there is an underlying program to modify. In contrast,

our approach is agnostic to the source of the AND–OR graph. Accordingly, a benefit of our approach
is that it works in settings where there is no underlying program at all, such as proof search, but
a drawback is that it may miss out on information available in the source program, such as how
costly certain edits may be to make [22]. Incorporating such domain-specific strategies as step
providers in our framework is an exciting direction for future work.
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Data Availability Statement

AO-Nav and the benchmarks we created for this paper are open source and freely available at
https://github.com/justinlubin/aonav. We also provide a Zenodo archive of AO-Nav’s source code
(including our benchmarks) [32] and a Zenodo archive of a Docker image for our evaluation [33, 34].
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